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We theoretically investigate the transport properties of a weak coherent input field scattered
by an ensemble of Λ-type atoms coupled to a one-dimensional photonic crystal waveguide. In
our model, the atoms are randomly located in the lattice along the crystal axis. We analyze the
transmission spectrum mediated by the tunable long-range atomic interactions, and observe the
highest-energy dip. The results show that the highest-energy dip location is associated with the
number of the atoms, which provides an accurate measuring tool for the emitter-waveguide system.
We also quantify the influence of a Gaussian inhomogeneous broadening and the dephasing on the
transmission spectrum, concluding that the highest-energy dip is immune to both the inhomogeneous
broadening and the dephasing. Furthermore, we study photon-photon correlations of the reflected
field and observe quantum beats. With tremendous progress in coupling atoms to photonic crystal
waveguides, our results may be experimentally realizable in the near future.

PACS numbers: 03.67.Lx, 03.67.Pp, 42.50.Ex, 42.50.Pq

I. INTRODUCTION

In the past decades, realizing strong interactions be-
tween photons and atoms is of central importance for
quantum optics and quantum information processing [1–
4]. One primary method is to couple single atoms to
high-finesse optical microcavities [5–7], i.e., cavity quan-
tum electrodynamics (QED). Recently, one-dimensional
(1D) waveguide provides another promising platform for
photon-atom interactions [8–11]. In practice, a quasi-1D
waveguide can be realized by a number of different sys-
tems, such as optical nanofibers [12–23], diamond waveg-
uide [24–27], photonic crystal waveguide (PCW) [28],
surface plasmon nanowire [29–33], and superconducting
microwave transmission lines [34–43]. Due to nontriv-
ial dispersion relation caused by the periodic dielectric
structure, PCWs have attracted much attention. In the
past decade, a great progress has been made to interface
atoms or solid-state emitters with PCWs [44–62].

PCWs are periodic dielectric structures in which the
field propagation can be drastically modified due to the
photonic band gaps [28]. Recently, the atom-light in-
teractions in PCWs have been explored, and rich phe-
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nomena are predicted to emerge. Particularly, when the
transition frequency of an atom lies in a band gap, it can
no longer emit a propagating photon into the dielectric
structure. However, an evanescent field forms around
the atomic position, which may be shown to exhibit the
properties of an effective cavity mode. In turn, this cav-
ity mode can mediate effective dipole-dipole interactions
between different atoms, with a range and strength that
may be tuned experimentally [56, 59, 63–65]. The com-
bined atom-PCW system then represents a novel plat-
form for the study of quantum many-body physics and
non-linear optics [53, 60, 61].

Inspired by recent developments in coupling atoms to
PCWs in experiment [48–53], we specifically study the
dynamics of a weak coherent field propagating through a
Λ-type atomic ensemble coupled to a 1D PCW. Since the
precise manipulation of the atomic positions is challeng-
ing in interfacing atoms with PCWs in experiment, we
consider the case that atoms are randomly placed in the
lattice sites along the PCW. Here, we adopt the average
values from a large sample of atomic spatial distribu-
tions and study the transport properties of the emitter-
waveguide system.

In this work, we first study the transmission properties
of a weak coherent input field and observe the highest-
energy dip, which is different from the similar case in
a conventional waveguide [66]. The results reveal that
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the frequency of the highest-energy dip is related to the
number of the atoms, which offers an experimental char-
acterisation tool for the emitter-PCW system. We also
analyze the influence of the inhomogeneous broadening
in the atomic resonant transition, and quantify the ef-
fect of the dephasing in the two lower energy levels. We
conclude that the highest-energy dip is immune to both
the inhomogeneous broadening and the dephasing. Be-
sides, since the number of the atoms located in the lattice
sites may be not fixed in experiment, we study the trans-
mission spectrum of the input field when the number of
the atoms is drawn from a Poisson distribution. Under
this condition, when the interaction length is much larger
than the lattice constant, some almost equally spaced
dips appear in the region around the maximum resonance
frequency in the transmission spectrum, via which we can
infer the strength of the long-range atomic interaction.
While, when the interaction length is of the order of the
lattice constant, a broad dip appears in the transmis-
sion spectrum, and the maximum resonance frequency
scales linearly with the mean number of the atoms. That
is, even though the number of the atoms follows a Pois-
son distribution, we can also infer the mean number of
the atoms from the maximum resonance frequency in the
transmission spectrum. Finally, we calculate the photon
correlation function of the reflected field at its maximum
resonance frequency and observe strong initial bunching.
Moreover, quantum beats emerge in the photon-photon
correlation function of the reflected field, which arises
from the long-range atomic interactions.
The paper is organized as follows. In Sec. II, we briefly

review the physics of atoms coupled to a 1D PCW, and
introduce an effective Hamiltonian for our system that
an array of Λ-type atoms is coupled to a PCW. In Sec.
III, we calculate the transmission properties of a weak
coherent input field and analyze the influence of the in-
homogeneous broadening and the dephasing. We also
discuss the transport properties when the number of the
atoms follows a Poisson distribution, and compute the
photon-photon correlations of the reflected field. Finally,
we summarize the main results and emphasize the ad-
vantage of our system in Sec. IV.

II. MODEL AND HAMILTONIAN

A PCW is a periodic dielectric material with regularly
alternating refractive index [28, 67, 68]. For some fre-
quencies, the light incident into the dielectric is reflected,
and the PCW acts like a mirror. This results in the pres-
ence of band gaps in the dispersion relation, as shown
in Fig. 1(a). The photonic structure supports multiple
modes, e.g., the transverse-electric (TE) and transverse-
magnetic (TM) modes. Here, we consider an array of Λ-
type atoms randomly trapped in an optical lattice along
the PCW with unit cell length a, as shown in Fig. 1(b).
The atom has three relevant electronic levels, i.e., the
ground state |g〉, the metastable state |s〉 and the excited
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FIG. 1: (a) Schematic band structure of the TE and TM
modes in a PCW, illustrating the guided mode frequency ωk

versus the Bloch wavevector k. The atomic resonance fre-
quency ωa (horizontal black dashed line) lies in the band gap
(blue region) of the TE mode (black solid line), and is close to
the lower band edge frequency ω

b
with detuning δ = ωa −ω

b
.

(b) Schematic diagram for the transport of an incident field
through an atomic chain (black dots) coupled to a PCW with
unit cell length a. A coherent field (black arrow) is incident
from left to scatter with the atomic chain, which produces a
reflected field (red arrow) and a transmitted field (green ar-
row). The wavy line represents the optical lattice with peri-
odicity d. Due to atomic collisions during the loading process
[69], there exists either no atom or only one atom in each trap
site [70].

state |e〉. We assume that the resonance frequency ωa

of the transition |g〉 ↔ |e〉 with wavevector k
0
lies in the

TE band gap, and is close to the lower band edge with
detuning δ = ωa−ω

b
. In this case, the atomic transition

|g〉 ↔ |e〉 couples to the PCW modes close to the lower
band edge. Since the detuning to any other band edge is
assumed to be much larger than δ, we can ignore their in-
fluence. When such an atom coupled to the PCW modes
is excited at a frequency in the band gap, it will not radi-
ate a propagating photon into the dielectric structure but
seeds an exponentially decaying localized photonic cloud
around the atom. It has been demonstrated that this
photonic cloud has the same properties as a real cavity
mode [56], which mediates the excitations exchange with
other atoms via virtual photons. Since the band gaps of
different modes occurs at different frequencies and ωa is
situated far from TM band gap, we may use the TMmode
to probe the above long-range atomic interactions. We
assume that the atomic transition |g〉 ↔ |e〉 can couple



3

with the TM mode via evanescent fields, and the single-
atom coupling strength is denoted by Γ

1D
. In addition,

the transition |e〉 ↔ |s〉 is driven by a classical control
field with the Rabi frequency Ωc. The system composed
of the atomic chain and the PCW can be described by
an effective non-Hermitian Hamiltonian [53, 56, 60, 71]

Hnon=−
n
∑

j

[

(∆+iΓ
′

e/2)σ
j
ee+(∆−∆c)σ

j
ss

+Ωc(σ
j
es +H.c.)

]

−i
Γ

1D

2

n
∑

j,k

eik0
|z

j
−z

k
|σj

egσ
k
ge

+ J

n
∑

j,k

cos(k
b
z
j
) cos(k

b
z
k
)e−|z

j
−z

k
|/Lσj

egσ
k
ge,

(1)

where ∆ = ω
in

− ωa is the detuning between the fre-
quency ω

in
of the incident field with wavevector k

in
and

the atomic resonance frequency ωa. Γ
′

e represents the
decay rate of the state |e〉 into free space, k

b
= π/a is

the wavevector at the band edge of the TE mode, and
z
j
is the position of the jth atom. ∆c =ωc − ωes is the

detuning between the frequency ωc of the classical con-
trol field and the frequency ωes of the atomic transition
|e〉↔ |s〉. J and L denote the strength and characteris-
tic length of the long-range interaction, respectively. We
can tune the strength J and characteristic length L by
adjusting the band curvature near the lower band edge
and the frequency detuning δ between the atomic transi-
tion and the band edge [56]. In the last term of Eq. (1),
we consider the self-interaction part (j = k), which can
be compensated by an external potential in experiment
[61].
Here, we study the transport of a continuous weak

coherent incident field propagating through the atomic
chain. The corresponding driving is described by Hdri=
√

cΓ
1D

2 E
n
∑

j

(σj
ege

ikinzj + σj
gee

−ikinzj ), where E is the am-

plitude of the weak input field [72]. Thus, the proper-
ties of our system are govern by the total Hamiltonian
H=Hnon +Hdri, and the initial state is prepared in the
global atomic ground state |ψ

0
〉 = |g〉⊗n. When the in-

put field is sufficiently weak, i.e.,

√

cΓ
1D

2 E≪Γ
′

e, quantum

jumps can be neglected [60]. Once the atomic dynamics
are governed by the evolution under the Hamiltonian H ,
the transmitted (T ) and reflected (R) fields can be re-
covered using the input-output relations [72]

a
out,T

(z) = Eeikinz + i

√

Γ
1D

2c

n
∑

j

σj
gee

ik
0
(z−z

j
),

a
out,R

(z) = i

√

Γ
1D

2c

n
∑

j

σj
gee

−ik
0
(z−z

j
).

(2)

Therefore, the transmission of the weak incident field for
the steady state is given by

T =
〈ψ|a†

out,T
a

out,T
|ψ〉

E2
, (3)
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FIG. 2: (a) The transmission spectra of the input field for
J = 0 (red dotted line) and J = 4Γ′

e (blue solid line). For
each case, n = 10 atoms are randomly placed in a lattice
of N = 200 sites, and we adopt the characteristic length of
the long-range interaction as L = 100d. (b) The maximum
resonance frequency ωmax versus the number n of atoms ran-
domly placed in N = 200 sites for L = 104d (black circles),
L= 100d (blue squares) and L= 50d (green down triangles)
with J = 4Γ′

e. The red asterisks denote the values of nJ .
Solid line is an interpolated fit. (a)-(b) We average over 1000
samples of atomic spatial distributions with the parameters

Γ
1D

=0.3Γ′

e, E = 0.0001

√

Γ
1D

2c
, ∆c=0, k

0
d=π/2, a = d, and

Ωc=2Γ′

e.

where |ψ〉 is the steady-state wavevector. For the re-
flected field, the equation is similar.

III. RESULTS

A. The transmission properties of the coherent

input field

Here, we study the transmission spectrum of the weak
input field for n = 10 three-level atoms randomly located
in a lattice of N = 200 sites along a PCW, as shown in
Fig. 2. In our simulations, we set the lattice constant
d to satisfy k

0
d = π/2, which minimizes reflection from

the array [59, 60, 64, 72, 73]. Assuming that the input
field is monochromatic, we consider two cases: one is for
J = 0, i.e., a conventional waveguide, and the other is
for J = 4Γ′

e, i.e., a PCW. We find that, for a conven-
tional waveguide (J = 0), electromagnetically induced
transparency (EIT) phenomenon can be observed in the
transmission spectrum, as shown in Fig. 2(a). This is
the result of the complete destructive interference be-
tween two atomic transitions [74]. While, for a PCW
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(J 6=0), some new dips appear in the transmission spec-
trum due to the long-range interaction between atoms,
which correspond to resonance frequencies of the system.
Particularly, in the limit L/d → ∞, e.g., L = 104d, we
observe that the maximum resonance frequency is inde-
pendent of the atomic spatial distributions. To interpret
this, we can diagonalize the long-range atomic interac-
tion term in the single excitation manifold. In fact, the
n×n matrix has (n−1) degenerate resonance energies 0,
and one largest resonance energy nJ . That is, we can use
nJ to evaluate the maximum resonance frequency ωmax

approximatively in the limit L/d→ ∞, i.e., ωmax ≈ nJ .
As shown in Fig. 2(b), we give the values of nJ and
the maximum resonance frequency ωmax under the con-
dition L = 104d. We observe that, the approximate es-
timation ωmax ≈ nJ is valid. While for 1≪ L/d≪∞,
since the maximum resonance frequency changes with the
atomic spatial distribution, we adopt the average value
from a large sample of atomic spatial distributions. As
shown in Fig. 2(b), we give the relation between the
maximum resonance frequency ωmax and the number n
of atoms for three cases, i.e., L = 104d, L = 100d and
L = 50d. We observe that, the maximum resonance fre-
quency ωmax scales linearly with the number of the atoms
in the three cases. Differently, for the same number of
the atoms, the maximum resonance frequency ωmax in-
creases with the characteristic length L of the long-range
atomic interaction, which can be interpreted by diago-
nalizing the long-range atomic interaction term. Thus,
with the fixed parameters L, N and J , we can infer the
number n of the atoms coupled to the PCW from the
maximum resonance frequency ωmax in the transmission
spectrum. Note that, the conclusions mentioned above
still hold if the atomic resonance frequency is close to the
upper band edge, but with a change in the sign of the last
term in Eq. (1). Since the highest-energy dip location in
the transmission spectrum is related with the number of
the atoms, we provide an accurate measuring tool for the
emitter-waveguide system. In the following discussions,
we will mainly focus on the condition L = 100d, which
may be accessible in the ‘alligator’ PCW with state-of-
the-art fabrication [51, 53, 56].

In above simulations, we assume that the Λ-type atoms
located in the lattice are identical. However, in exper-
iment, due to the off-resonant trapping fields for the
atomic ensemble, the emitters trapped in different sites
suffer different vector light shifts [17, 75]. This effect
may cause the inhomogeneous broadening in the atomic
transition of the emitters. For simplicity, here we just
consider the influence of the broadening in the |e〉 ↔ |s〉
transition on the transmission spectrum. For concrete-
ness, we consider that the inhomogeneous broadening
is Gaussian with the probability density ρ

ih
(∆ih) =

1
σ
ih

√
2π

exp(−
∆2

ih

2σ2

ih

), where ∆ih is the detuning from the

expected frequency of the atomic transition |e〉 ↔ |s〉
and σ

ih
being the standard deviation is a measure of

the width of the inhomogeneous broadening. In each
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FIG. 3: The transmission spectrum of the input field as a
function of the frequency detuning ∆/Γ′

e for (a) σ
ih

=0.5Γ′

e,
(b) σ

ih
=2.0Γ′

e, (c) σ
ih

=5.4Γ′

e. (d) The transmission Tpeak

(black squares) at the EIT-like peak and the transmission Tdip

(green circles) at the maximum resonance frequency versus
the parameter σ

ih
in the inhomogeneous broadening. Solid

line is an interpolated fit. (a)-(d) n = 10 atoms are randomly
placed in a lattice of N = 200 sites, and we average over 30000

single-shot realizations with Γ
1D

= 0.3Γ′

e, E = 0.0001

√

Γ
1D

2c
,

k
0
d=π/2, a = d, ∆c=0, L=100d, J = 4Γ′

e, and Ωc=2Γ′

e.

single-shot realization, we generate some random vari-
ables from the Gaussian probability density as the de-
tuning of the atoms and a random set as the positions of
the atoms, via which we calculate the transmission spec-
trum. As shown in Figs. 3(a)-3(c), we give the trans-
mission spectrum of the input field in three cases, i.e.,
σ

ih
=0.5Γ′

e, 2.0Γ
′
e, 5.4Γ

′
e. The results show that the max-

imum resonance frequency ωmax does not vary with the
parameter σ

ih
. We observe that, with the increment of

the parameter σ
ih
, the transmission Tpeak at the EIT-like

peak decreases, which indicates that the inhomogeneous
broadening destroys the destructive interference between
the two atomic transitions |g〉 ↔ |e〉 and |e〉 ↔ |s〉. In-
terestingly, the transmission Tdip at the maximum reso-
nance frequency almost does not change with the param-
eter σ

ih
. Moreover, we find that, when the parameter

σ
ih

is sufficiently large, e.g., σ
ih

= 5.4Γ′
e, the EIT-like

peak will almost completely disappear, as shown in Fig.
3(c). For clear presentation, we give the transmission
Tpeak at the EIT-like peak and the transmission Tdip at
the maximum resonance frequency as a function of the
parameter σ

ih
. As shown in Fig. 3(d), we find that the

EIT-like peak are sensitive to the parameter σ
ih
. While,

the existence of the highest-energy dip is immune to the
inhomogeneous broadening. That is, the property orig-
inating from the long-range atomic interaction term in
Eq. (1) is not influenced by the inhomogeneous broad-
ening of the transition |e〉 ↔ |s〉. In other words, even
though the parameter σ

ih
in the inhomogeneous broad-

ening is much larger than the decay rate Γ′
e, we can also

observe the highest-energy dip clearly in the transmission
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spectrum and acquire the maximum resonance frequency
ωmax.
In practical emitter-waveguide systems, the transport

properties of the coherent input field may be influenced
by the dephasing of the two lower energy levels. The
dephasing rates of the atoms coupled to a PCW have
not been reported yet. While, in a similar system, i.e.,
atoms trapped in the surface of the optical nanofibers,
the dephasing of the two energy levels |g〉 and |s〉 exists
due to temperature dependent light shifts in the opti-
cal trap [17], thermal motion of the atoms [21, 70] and
atom-dependent Larmor precession caused by the resid-
ual magnetic field [76]. For simplicity, we assume that
the dephasing rates of all atoms are identical. The dy-
namics of the atomic system is governed by the master
equation for the atomic density operator:

dρ

dt
= −i[HI , ρ]−

Γ
′

e

2

n
∑

j

(

{σj
ee, ρ} − 2σj

geρσ
j
eg

)

−
γ

d

2

n
∑

j

(

{σj
ss, ρ}−2σj

ssρσ
j
ss+{σj

gg, ρ}−2σj
ggρσ

j
gg

)

−
Γ

1D

2

n
∑

j,k

cos(k
0
|z

j
−z

k
|)(σj

egσ
k
geρ+ ρσj

egσ
k
ge

−2σk
geρσ

j
eg), (4)

where

HI = −

n
∑

j

[

∆σj
ee + (∆−∆c)σ

j
ss +Ωc(σ

j
es +H.c.)

]

+J

n
∑

j,k

cos(k
b
z
j
) cos(k

b
z
k
)e−|z

j
−z

k
|/Lσj

egσ
k
ge

+
Γ

1D

2

n
∑

j,k

sin(k
0
|z

j
− z

k
|)σj

egσ
k
ge. (5)

In Eq. (4), the third term on the right-hand side de-
scribes the dephasing of the two lower states |g〉 and |s〉.
We assume that the dephasing rates of the two levels
are the same and are given by γ

d
. As shown in Fig. 4,

we calculate the effect of the dephasing on the transmis-
sion spectrum. Here, we consider three choices of the
dephasing rate, i.e., γ

d
= 0.5Γ′

e, 1.0Γ
′
e, 5.5Γ

′
e. The re-

sults show that the maximum resonance frequency ωmax

does not change with γ
d
. While, when the dephasing

rate is changed from 0.5Γ′
e to 1.0Γ′

e, the transmission at
the EIT-like peak decreases and the highest-energy dip
remains unchanged, as shown in Figs. 4(a)-4(b). In-
terestingly, when the dephasing rate is sufficiently large,
e.g., γ

d
= 5.5Γ′

e, the EIT-like peak will almost completely
disappear. That is, similar to the influence of inhomoge-
neous broadening, the dephasing of the two lower energy
levels can also destroy the destructive interference be-
tween the two atomic transitions. Additionally, to show
the phenomenon more clearly, we give the transmission
Tpeak at the EIT-like peak and the transmission Tdip at
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FIG. 4: The transmission spectrum of the coherent incident
field as a function of the frequency detuning ∆/Γ′

e for (a)
γ
d
= 0.5Γ′

e, (b) γ
d
= 1.0Γ′

e, (c) γ
d
= 5.5Γ′

e. (d) The trans-
mission Tpeak (black squares) at the EIT-like peak and the
transmission Tdip (green circles) at the maximum resonance
frequency versus the dephasing rate γ

d
. Solid line is an in-

terpolated fit. (a)-(d) n = 10 atoms are randomly located
in a lattice of N = 200 sites, and we average over 1000
samples of atomic spatial distributions with Γ

1D
= 0.3Γ′

e,

E = 0.0001

√

Γ
1D

2c
, k

0
d = π/2, a = d, ∆c = 0, L = 100d,

J = 4Γ′

e, σih
=0, and Ωc=2Γ′

e.

the maximum resonance frequency as a function of the
dephasing rate γ

d
. As shown in Fig. 4(d), we observe

that the depth of the highest-energy dip is immune to
the dephasing rate. That is, even though the dephas-
ing effect in the two lower energy levels is strong, we
can observe the highest-energy dip in the transmission
spectrum. In fact, in the system of atoms trapped along
nanofibers [17, 21], the dephasing rate is in the range of
γ

d
≃ 2π[200Hz−50kHz]. For Cs atoms coupled to PCWs,

the decay rate Γ′
e = 2π ·4.56MHz has been reported [53].

That is, γ
d
/Γ′

e ≃ [4.4 ·10−5−0.01] has been obtained. In
such range, we can observe both the highest-energy dip
and EIT-like peak clearly in the transmission spectrum.
In the discussion above, we assume that the number

of the atoms coupled to the PCW is fixed, and only the
atomic positions are considered to be random. However,
in practical experiment, the number of the atoms may fol-
low a specific distribution, such as Poisson distribution.
We first consider the case L/d→ ∞, e.g., L = 104d, and
plot the average transmission spectrum of the input field
when the number of the atoms is randomly drawn from
a Poisson distribution with mean n̄=10, as shown in Fig.
5(a). In each single-shot realization, we get a random
value from the Poisson distribution as the number of the
atoms, and generate a random set as the positions of the
atoms, by which we compute the transmission spectrum.
The results show that, some almost equally spaced dips
appear in the region around the maximum resonance fre-
quency n̄J for the mean number n̄ of the atoms. As we
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field in the region around the maximum resonance frequency for n̄=10 (red line), 20 (black line), 30 (blue line) with L=100d.
(d) The maximum resonance frequency ωmax versus the mean number n̄ of atoms for L=200d (black circles), L=100d (blue
squares) and L= 50d (red asterisks). (a)-(b) The number of the atoms is drawn from a Poisson distribution of mean n̄=10
with L = 104d; (a) and (c)-(d) J = 4Γ′

e; (a)-(d) we average over 30000 single-shot samples with the parameters Γ
1D

=0.3Γ′

e,

E = 0.0001

√

Γ
1D

2c
, N = 200, k

0
d=π/2, a = d, ∆c=0, σ

ih
=0, γ

d
=0, and Ωc=2Γ′

e.

have discussed above, in the limit L/d → ∞, the maxi-
mum resonance frequency is related with the number of
the atoms, i.e., ωmax ≈ nJ . Thus, in Fig. 5(a), each
dip in the region around the maximum resonance corre-
sponds to one random number drawn from the Poisson
distribution. In other words, the difference between the
numbers of the atoms corresponding to the adjacent dips
is one, i.e., the frequency spacing between the nearest-
neighbor dips is the strength J of the long-range atomic
interactions. To verify this conclusion, we calculate the
mean spacing S between adjacent dips as a function of
the strength J of the long-range atomic interactions, as
shown in Fig. 5(b). For comparison, we also plot the
values of the strength J . We see that, the mean spacing
S between the adjacent dips is almost the same as the
strength J . That is, under the condition L/d→ ∞, one
can obtain the strength J of the long-range atomic inter-
actions by calculating the mean spacing between adjacent
dips in the transmission spectrum.

To proceed, we evaluate the transmission spectrum of
the weak input field under the condition L=100d when
the number of the atoms follows a Poisson distribution.
As shown in Fig. 5(c), we consider three cases, i.e., the
mean numbers of the atoms are n̄=10, 20, 30, respec-
tively. The results show that a broad dip appears in
the region around the maximum resonance, which is dif-
ferent from the case L/d → ∞. Here, we denote the
highest-energy dip location as ωmax when the number
of the atoms follows a Poisson distribution. We observe

that ωmax ≈ ωmax is valid in the three cases mentioned
above. Moreover, we plot ωmax as a function of the mean
number n̄ for three different interaction lengths, as shown
in Fig. 5(d). We find that, the dip location ωmax (i.e.,
the maximum resonance frequency) scales linearly with
the mean number n̄ of the atoms, which is similar to the
case that the number of the atoms is fixed. That is, when
the number of atoms follows a Poisson distribution, we
can infer n̄ from the maximum resonance frequency ωmax

in the transmission spectrum.

B. Photon-photon correlation

The key feature of non-classical light is the existence of
correlations between photons, which can be characterized
by the second-order correlation function g(2) (also called
photon-photon correlation function) [77]. For a weak co-
herent state, the photon-photon correlation function g(2)

of the output field is given by

g(2)α (τ)=
〈ψ|a†

α
(z)eiHτa†

α
(z)a

α
(z)e−iHτa

α
(z)|ψ〉

|〈ψ|a†
α
(z)a

α
(z)|ψ〉|2

. (6)

Here, |ψ〉 denotes the steady-state wavevector, and α=
T,R.

Now, with a weak coherent incident field (

√

cΓ
1D

2 E≪

Γ
′

e), we analyze the photon-photon correlations of the
output field at the corresponding maximum resonance
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FIG. 6: The photon-photon correlation function g(2)
R

of the
reflected field at its maximum resonance frequency ωmax when
n = 10 atoms are randomly placed over N = 200 sites with
the parameters (a) J = 1.0Γ′

e, (b) J = 4.0Γ′

e. Here, we
average 1000 samples of atomic positions with the parameters

Γ
1D

=0.3Γ′

e, E = 0.0001

√

Γ
1D

2c
, k

0
d= π/2, L=100d, a = d,

∆c=0, σ
ih
=0, γ

d
=0, and Ωc=2Γ′

e.

frequency. As shown in Fig. 6, we compute the pho-
ton correlation function of the reflected field with two
choices of the strength J when n = 10 three-level atoms
are randomly located in a lattice of N=200 sites along
a PCW. We find that, strong initial bunching appears in
the reflected field in the two cases, i.e., g(2)

R
(t=0) ≫ 1.

Since the reflected field originates purely from the scat-
tering by the atomic ensemble, the strong initial bunch-
ing g(2)

R
(t=0) ≫ 1 indicates that the Λ-type atomic chain

can scatter two photons simultaneously. Comparing Fig.
6(a) and Fig. 6(b), we conclude that the correlation prop-
erties of the reflected field is influenced by the strength
J of the long-range atomic interactions. That is, the
initial bunching becomes stronger when we enhance the
long-range interaction strength J . Furthermore, we ob-
serve quantum beats [78] in the second-order correlation
function of the reflected field. Evidently, the stronger
the long-range interaction, the more visible the quantum
beats become. That is, the long-range atomic interac-
tions in our system can cause the quantum beats in the
photon-photon correlation function of the reflected field.
The results reveal that our emitter-PCW system may
provide an effective platform for experimental study of
the nonclassical light.

IV. CONCLUSION

In summary, we have theoretically studied the trans-
port properties of a Λ-type three-level atomic ensemble
coupled to the band edge of a PCW. Considering the pre-
cise control of the atomic positions is still challenging in
interfacing atoms with PCWs, we assume that atoms are
randomly placed in the lattice along the axis of the PCW
in our model. With the effective non-Hermitian Hamil-
tonian, we calculate the transmission spectrum of a weak
coherent input field and observe the highest-energy dip,
which arises from the long-range atomic interactions. We
find that, in the limit L/d≫ 1, the maximum resonance
frequency scales linearly with the number of the atoms
coupled to the PCW, which may provide an accurate
measuring tool for the emitter-PCW system. We also
quantify the effect of a Gaussian inhomogeneous broad-
ening of the transition |e〉 ↔ |s〉 and the dephasing in
the two lower energy levels on the transmission spectrum.
The results reveal that the existence of the highest-energy
dip is immune to both the inhomogeneous broadening
and the dephasing. Furthermore, we analyze the trans-
mission spectrum of the weak input field when the num-
ber of the atoms follows a Poisson distribution. We find
that, when the interaction length L is of the order of the
lattice constant d, a broad highest-energy dip appears
in the transmission spectrum. That is, even though the
number of atoms follows a Poisson distribution, we can
infer the mean number n̄ of the atoms from the maximum
resonance frequency. Finally, we calculate the photon-
photon correlations of the reflected field at the maximum
resonance frequency and observe strong initial bunching.
Moreover, the long-range atomic interactions cause quan-
tum beats in the photon-photon correlation function of
the reflected field. We emphasize that, our work takes
advantage of the emitter-PCW system that one can sep-
arately tune the range and strength of the atomic in-
teractions by engineering the dispersion of the structure
[56, 59]. Since tremendous progress has been made to
experimentally realize the coupling between emitters and
PCWs [48–53], the results in our model may be realizable
in the near future.

ACKNOWLEDGMENTS

This work is supported by the China Postdoctoral Sci-
ence Foundation under Grant No. 2017M620732, the
National Natural Science Foundation of China under
Grants No. 11175094 and No. 91221205, and Na-
tional Basic Research Program of China under Grant No.
2015CB921002. E.M., and L.-C.K acknowledge support
from the National Research Foundation and Ministry of
Education, Singapore. F.-G.D. is supported by the Na-
tional Natural Science Foundation of China under Grants
No. 11474026 and No. 11674033, and the Fundamental
Research Funds for the Central Universities under Grant
No. 2015KJJCA01. G.-L.L. acknowledges support from



8

the Center of Atomic and Molecular Nanosciences, Ts-
inghua University, and the Beijing Advanced Innovation

Center for Future Chip (ICFC).

[1] L.-M. Duan, M. D. Lukin, J. I. Cirac, and P. Zoller, Na-
ture (London) 414, 413 (2001).

[2] H. J. Kimble, Nature (London) 453, 1023 (2008).
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